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This study reports on a new approach to the geometrical understanding of highly complex magnetic field structures that
emerge in association with the dynamics of space and fusion plasmas. The objects of investigation are vector fields defined in
three-dimensional space, such as magnetic fields and fluid velocity fields. Although these can be understood within ordinary
Euclidean space, it is more natural to employ the language of manifolds for their analysis. This is because coordinate systems
and bases vary with position, and their changes must be described using connections and differential forms. In this sense, the
analysis of vector fields in Euclidean space can be regarded as a special case of vector field analysis on manifolds. However,
while mathematically elegant, this framework has often been perceived as overly abstract, offering limited physical insight
for researchers in magnetospheric and fluid sciences.

Traditional approaches to the structure of three-dimensional vector fields are diverse, including the tracing of streamlines,
the use of conservation laws and potentials, the computation of divergence and curl, topological classifications, dynamical-
systems analysis, and visualization through numerical simulations. These methods have provided only fragmentary geomet-
rical insights, and in particular, no systematic framework has existed for actively representing non-integrable structures. This
study aims to construct a new theoretical framework based on connection 1-forms together with curvature and torsion 2-
forms, establishing a geometrical foundation that captures structures consistently from local features to global configurations.

In this framework, the torsion 2-form is used to determine whether the flow of a given two-dimensional directional field
is constrained to an integrable surface under parallel transport, or whether it escapes outward with twist to form a three-
dimensional non-integrable structure. The curvature 2-form, on the other hand, allows one to measure quantities correspond-
ing to the Gaussian and mean curvatures of an integral surface in the integrable case, while in the non-integrable case it
quantifies the accumulation of three-dimensional rotational distortion that cannot be reduced to a surface. In this way, the
torsion and curvature 2-forms serve as tools to characterize vector field structures in terms of their off-surface behavior and
rotational accumulation, respectively, thus distinguishing integrable from non-integrable configurations.

The Extended Frenet Frame introduced in this study provides a novel scheme that fundamentally changes the situation.
Vector fields are directly expressed in terms of geometrical quantities such as curvature and torsion of local frames, and their
structures are organized according to the dichotomy of integrable versus non-integrable, including transitions and intermedi-
ate states between them. This approach makes it possible to describe integrability, previously understood only in terms of the
existence or absence of integral surfaces, as a clear geometrical image of natural phenomena. In particular, magnetic recon-
nection and vortex generation/decay can be interpreted geometrically as transitions from “surface-constrained structures” to
“three-dimensional rising structures.”

Potential applications are wide-ranging, including the analysis of non-integrable magnetic structures in the magnetosphere
and solar wind, the evaluation of magnetic confinement stability in fusion research, and the study of vortex and turbulence
structures in fluid and atmospheric sciences. Furthermore, by directly extracting geometrical indicators from observational
data and numerical simulations, this framework offers a new analytical method that bridges theory, observation, and compu-
tation. In sum, the study presents a new system of vector field geometry based on integrability, non-integrability, and their
transitions, contributing to a unified understanding of complex fields in nature.
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